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Integral Analysis of Transonic
Shock Wave/Boundary-Layer Interaction in Internal Flow

Deepak Om* and Morris E. Childst
University of Washington, Seattle, Washington

An approximate integral viscous-inviscid interaction method is presented for calculating the development of
a turbulent boundary layer subjected to a normal shock wave in an internal flow. The inflow conditions and
the downstream pressure are provided for the computation. In the supersonic region of shock pressure rise,
the Prandtl-Meyer function is used to couple the viscous and inviscid flows. An analytical model for the
coupling process is postulated and appropriate equations are defined. Downstream of the sonic point, one-
dimensional inviscid flow is assumed for coupling with the viscous flow. The viscous flow is calculated using
Green's integral lag-entrainment boundary-layer method. Comparisons of the solutions with the experimental
data are made for interactions which are unseparated, near separation, and separated. For comparison pur-
poses, solutions to the time-dependent, mass-averaged Navier-Stokes equations incorporating a two-equation,
Wilcox-Rubesin turbulence model are also presented. The computed results from the integral method show
good agreement with experimental data for unseparated interactions and reasonable agreement with the trend
of the viscous effects when the interaction becomes increasingly separated.

Nomenclature
CE =entrainment coefficient
Cf = skin-friction coefficient, 2r^/peu2

e
CT = shear-stress coefficient
F _ = function of CE and Cf
H,Hl,H = velocity profile shape parameters
Hk = kinematic value of H
M = Mach number
n = exponent in *>ref model
P = pressure
R = radius of the duct
Re - Reynolds number
T = temperature
u = streamwise velocity
x_ = axial distance
X = (x-xu)/du
A = mass-flow thickness
6 = boundary-layer thickness
6* = boundary-layer displacement thickness
7 = specific heat ratio (=1.4)
0 = boundary-layer momentum thickness
X = scaling parameter for secondary influences on

turbulence structure
v = Prandtl-Meyer function
p = density
r = shear stress
</> =flow angle at the boundary-layer edge

Subscripts
0
EQ

= stagnation condition
= equilibrium conditions
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EQ0 = equilibrium conditions in absence of secondary
influence on turbulence structure

e = boundary-layer edge
F ="ref = 0
r = recovery condition
ref = reference condition
u = start of interaction
oo = freestream condition at the start of interaction

I. Introduction

T RANSONIC normal shock wave/turbulent boundary-
layer interactions represent an important problem in

fluid mechanics because of the frequent occurrence of such
interactions in both external flows (e.g., on wings in tran-
sonic flight) and internal flows (e.g., in the inlet of air-
breathing engines). In internal interactions, the flow block-
age due to the wall boundary layers produces a flowfield that
is different from that occurring in external flows.1'3 The ef-
fect of blockage is to produce a lower pressure recovery, a
less retarded boundary-layer flow, and a larger embedded
supersonic region.3 (The embedded supersonic region was
termed "supersonic tongue" by Seddon.1)

In the last few years, there have been significant advances
in the development of viscous-inviscid interaction techniques
as demonstrated at the AGARD Conference.4 Most of the
techniques developed for application to transonic shock
wave/turbulent boundary-layer interactions employ integral
methods for the boundary-layer and finite-difference
schemes for the inviscid flow. One approach to the solution
of such interactions is to solve the inviscid flow and the
viscous flow and couple the two. A large portion of the com-
puting time usually is spent in calculating the shock-
embedded transonic inviscid flows. A simple analysis of such
interactions is important for design purposes. One of the
main objectives of any design analysis is to minimize the
computing time so that a code can be used to compute
perhaps hundreds of such interactions to achieve a given
design.

In this paper, an analytical model is postulated for cou-
pling the viscous and inviscid flows that eliminates the com-
putation of the shock-embedded inviscid internal transonic
flow, thus reducing the computing time. The objective of the
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present analysis is to calculate the development of the tur-
bulent boundary layer subjected to a normal shock wave in
an internal flow. The present analysis is applicable to both
planar and axisymmetric internal flows. The results
presented here are only for axisymmetric flows, since data
obtained for axisymmetric interactions are known to be free
from undesirable three-dimensional effects. The inflow con-
ditions and the downstream pressure are provided for the
computation. The calculation method is somewhat similar to
that of Enseki,5 but it incorporates major modifications
suitable for internal flows. Enseki used Green's integral
boundary-layer method6 with a modified correlation for the
entrainment function, which resulted in a physically un-
realistic negative entrainment near the start of the inter-
action. The present analysis instead employs Green's integral
lag-entrainment method,7 which calculates the value of the
entrainment function along with other unknowns. The treat-
ment of the turning process of the flow between the shock
and sonic point is modified in the present analysis to suit in-
ternal flows.

Comparisons of the solutions of the integral method with
the experimental data3 are made for interactions that are
unseparated, near separation, and separated. For com-
parison purposes, solutions to the time-dependent, mass-
averaged Navier-Stokes equations incorporating the two-
equation Wilcox-Rubesin turbulence model are also
presented from Ref. 3.

II. Analytical Flow Model
A typical wall pressure distribution for a normal shock

wave/turbulent boundary-layer interaction is shown in Fig.
1. The start of interaction corresponds to the point at which
an abrupt pressure rise begins. The upstream boundary for
the calculation is at the start of the interaction where the ex-
perimental boundary-layer properties are specified. At the
downstream boundary, the experimental value of static
pressure is prescribed.

The boundary-layer development along the surface is
divided into two regions (Fig. 1). Region I extends from the
start of the interaction to the sonic point, as indicated by the
wall pressure distribution. Experimental investigations1'3'8'9
have shown that for transonic interactions, the start of the
interaction is approximately five undisturbed boundary-layer
thicknesses forward of the inviscid shock location. In the
calculation method described here, the shock location is
taken to be 5du downstream of the start of the interaction.
However, the effect of varying the shock location on the
wall pressure has been investigated and will be discussed in
the section entitled Results and Discussion. In Region I, an in-
tegrated continuity equation, which is used along with Green's
boundary-layer equations7 rewritten in full axisymmetric
form, permits free interaction between the inviscid
stream and the boundary layer. The turning angle at the
boundary-layer edge is assumed to be the result of a Prandtl-
Meyer compression. Kooi10 and East11 have demonstrated
that the supersonic compression upstream of the normal
shock wave could be well represented by Prandtl-Meyer
functions. However, this was not the case in the region be-
tween the normal shock wave and the sonic point. In this
region, in which there exists an embedded supersonic flow, a
much weaker compression takes place. Increased blockage in
internal flows produces a larger embedded supersonic region
than is found for interactions in planar flows.3 The treat-
ment of the turning process of the flow in this region is
presented in the section entitled Auxiliary Functions for Cf
and *>ref.

Region II extends from the sonic point to the downstream
boundary where the pressure is specified. In this region,
viscous and inviscid flows are coupled by assuming one-
dimensional inviscid flow based on the effective area of the
duct. The boundary-layer equations used for Region I, along
with the one-dimensional continuity equation, are employed

to calculate the boundary-layer development in Region II.
Downstream of the sonic point, flow blockage tends to pro-
duce small changes in the effective area. of the duct and very
mild streamline curvatures.3'12 Based on this observation, it
was decided that one-dimensional inviscid flow assumption
should be a reasonable approximation for the inviscid flow
in tin's region.

III. System of Equations
Boundary-Layer Equations

The compressible boundary-layer equation of Green's lag-
entrainment method7 have been rewritten in axisymmetric
form. The momentum integral equation is

yvhere H, 3*, and 6 are the shape factor, displacement thick-
ness, and momentum thickness, respectively. They are de-
fined as

H=8*/6, 8* —

62

y

The equation for the stream wise rate at which mass is en-
trained into the boundary layer, called the entrainment equa-
tion, written in the axisymmetric form, is given by

dB
~dx~ (2)

where Hl is the shape factor and CE is the entrainment coef-
ficient representing the streamwise rate at which mass is en-
trained into the turbulent boundary layer. They are given by

and CE=- 1 d f 8

——2<jr(R-d)peue

where A is the mass-flow thickness given by

. A2

2ir(R-y)pudy' • J

after rearranging,

(R-d)2 = (R-d*)2+ (R-A)2-R2

The equation for the streamwise rate of change of entrain-
ment coefficient, called the lag equation, is written as given
by Green7 (for 7=1.4)

F C 2-8
dx EQ

—i_ _^£.[i +0.075
up dx L

(1+0.
(1 + 0.

>-2M2) -n
.1M?) Jj (3)

where empirical relationships for F, CT, X, and equilibrium
quantities are given in Ref. 7. X is taken to be unity, which
implies that the effects of any extraneous influences (e.g.,
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freestream turbulence) are ignored. In the present analysis,
the lag equation (3) has been retained in the planar two-
dimensional form. It is felt that since the entrainment equa-
tion is written in full axisymmetric form, the lag equation,
although developed for planar two-dimensional flows,
should be applicable to axisymmetric flows. Earlier work by
Ferrett and Lampard13 has shown that the entrainment equa-
tion could be used in planar two-dimensional form for ax-
isymmetric diffuser flows without loss of accuracy.

Equations (1), (2), and (3) represent differential equations
for independent variables 6, Hl9 and CE. To_express Hl in
terms of 6* or 6, a transformed shape factor H is defined as

e
Using the quadratic expression for static temperature for

adiabatic boundary-layer flow

T=Tr+(Te-Tr)( — \

and with p/pe = Te/T, we get from the expression for H

where

with r being the temperature recovery factor in adiabatic
flow ( = 0.9). Equation (4) relates H to 6* and 6. To relate
Hl to H (and thus to 5* and 6), the empirical correlation
from Green7 is used:

HI = 3.15 + 4^—0.01 (H-1)2
ti — 1

East14 modified Green's correlation somewhat for applica-
tion to separated flows. However, Green's correlation was
used in the present analysis because it was tested against the
measurements of Ref. 3 and the agreement was found to be
very satisfactory.15

Equations Coupling Viscous and Inviscid Flows
The integrated continuity equation in axisymmetric form

can be written as

tan</> = (R-d*)
(R-d) dx

x(5-6*)-
1 dpeue

Peue dx (5)

where <t> is the flow angle at the boundary-layer edge.
Assuming a Prandtl-Meyer compression at the boundary-
layer edge, 0 = i>ref-*>(Me), where *>ref is the reference for
local Prandtl-Meyer turning and v(Me) is the Prandtl-Meyer
function based on the local Mach number Me. Equation (5)
is used in Region I where the flow is supersonic at the
boundary-layer edge. j>ref is constant upstream of the shock
but is modeled differently between the shock location and
the sonic point. For Region II, where the flow is subsonic at
the boundary-layer edge, the one-dimensional continuity
equation for axisymmetric internal flow may be written as

d5*
dx

dpeue

Peue dx
= 0 (6)

Forms of the System of Equations
Total pressure losses in the region just outside the bound-

ary layer are typically very small for transonic normal shock
interactions.3'9'16 Neglecting this small loss in total pressure
and assuming total temperature along the boundary-layer
edge to be constant, we get

dx

dx
dMe

Using the above equations, Eqs. (1) through (4) and either
Eq. (5) (Region I) or Eq. (6) (Region II) can be expressed as
four ordinary differential equations for Me, £*, 0, and CE,

Region I:

dMe

~~dx

Region II:

dMe

~dx

d5*
~dx~

dd
~dx~

dCE

dx

dCE

~dx~

(7)

(8)

al9 a2> «s» anci <*4 are functions of Me9 6*, 6, CE, Cf, and
vnf, whereas ft, /32, ft, and ft are functions of Me, 5*, 0,
CE9 and Cf. The expressions for as and 0s can be found in
Ref. 15. Before the above sets of equations can be solved,
auxiliary expressions for Cf and j>ref must be specified.

Fig. 1 Typical wall pressure distribution for a normal shock
interaction.

XSHOCK
—•• X

Fig. 2 J'ref modeling.



396 D. OM AND M. E. CHILDS J. PROPULSION

Auxiliary Functions for Cf and *>ref

The compressible skin-friction relation of Green7 is used
here. The skin-friction relation developed by Swafford17 is
also used for comparison. The kinematic shape factor HK
used in Swafford's skin-friction relation is related to H by
Eq. (A5) of Green.6 This equation was tested against the
measurements of Ref. 3 and the agreement was found to be
excellent.15

The specification of *>ref represents the turning process of
the flow at the boundary-layer edge. z>ref is modeled as
(Fig. 2):

f - J'ref ,0 > xu — X — *shock

where (9)

*F~*shock

Upstream of the shock wave, *>ref is assumed to be con-
stant and corresponds to Me at the start of the interaction.
This refers to the assumption of Prandtl-Meyer compression
upstream of the shock wave. Downstream of the shock
wave, where supersonic compression becomes much weaker,
pref is modeled as given by Eq. (9). Experiments1'11 indicate
that flow angle at the boundary-layer edge decreases sharply
after the shock wave. This requires that i>ref should decrease
after the shock wave. The value of n is determined such that
a continuous variation of d6*/djc is obtained between
Regions I and II. The streamwise location where *>ref
becomes zero is determined by matching the calculated
downstream pressure with the specified experimental
pressure.

IV. Solution Procedure
With auxiliary functions Cf and i>ref specified, Eqs. (7) and

(8) represent four ordinary coupled first-order differential
equations. The equations are solved by the fourth-order
Runge-Kutta integration procedure. The initial values of Me,
6*, and 6 for Region I are specified from the experiment.
The initial value for CE is determined from Eq. (A29) of
Green7 by assuming equilibrium conditions at the start of the
interaction. The calculated values of 6*, 0, Me, and CE at the
end of Region I are used as the initial values for Region II.
The integration of Eqs. (7) proceeds from the start of in-
teraction until the sonic point is reached. Beyond the sonic
point, the integration of Eqs. (8) is continued to the down-
stream location where the experimental pressure is pre-
scribed.

EXPERIMENT (REF. 3)

NAVIER-STOKES (REF. 3)
PRESENT

10 2 0 — 3 0 4 0 5 0

Fig. 3 Wall pressure distribution.

Three iteration procedures are required to complete the
solutions. The first iteration determines the initial pressure
perturbation required to start the interaction. The second
iteration determines the streamwise extent of the *>ref
distribution which in turn determines the sonic point loca-
tion. The third iteration determines the shape of the *>ref
distribution. The three iteration procedures are now described
briefly.

Initial Pressure Perturbation
The integration of Eqs. (7) is started by applying a

pressure perturbation to the flow at the boundary-layer edge
in order to allow the boundary layer to interact with the in-
viscid flow. This was done by providing a positive perturba-
tion to *>ref as was done in Ref. 5. When the full expression
for tan</>, Eq. (5), is used, the perturbation produces an in-
crease in Me in the downstream direction. This is the super-
critical condition corresponding to that for laminar flows.19

At supercritical conditions, Eqs. (7) do not describe the
behavior of the boundary layer as observed in the ex-
periments, where Me decreases in the downstream direction.
Der19 has suggested why these equations may fail in this
region. One reason may be the absence of normal pressure
gradient terms in the boundary-layer equations. Another
may result from the inadequacy of the single parameter H to
describe the boundary layer.20

If the second term in the right-hand side of Eq. (5) is
neglected, a positive perturbation to Eqs. (7) results in a
decrease in Me in the downstream direction, which is consis-
tent with experiments. This is the subcritical condition.18

Equation (5) then becomes

tan</> =
R-5

d<5*
dx

The above assumption implies that the viscous flow and
the inviscid flow are coupled along the displacement edge.
The coupling of the two flows in this fashion is known to
work quite well for unseparated interactions. In fact, Kooi10

found that such an assumption was valid for his separated
transonic interactions. Moreover, the effect of blockage is to
reduce the extent of separation for transonic interactions.3
This further justifies the use of the above assumption for in-
ternal flows. The initial positive perturbation is taken to be
the minimum *>ref perturbation that produces a continuous
supersonic compression at the boundary-layer edge. An
iteration is required to determine the minimum *>ref.

Sonic Point Location
The streamwise extent of *>ref (i.e., location where it

becomes zero) is determined by requiring the calculated
downstream pressure to match with the specified experimen-

P/PI'U . 5 -

Fig. 4 Effect of shock location on the computed wall pressure:
A/*, = 1.48, Re/m = 4.92 X106.
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tal pressure. This in turn determines the sonic point. The
procedure is as follows. For a particular value of n, the loca-
tion of *>ref = 0 is initially set far downstream. An initial
pressure perturbation is provided to the set of Eqs. (7), and
integration is performed until the sonic point is reached.
Thereafter, the set of Eqs. (8) is solved up to the location
where experimental pressure is prescribed. If the calculated
pressure does not match the experimental value, the *>ref = 0
location is changed to a point farther upstream, and the
calculations are repeated. Iteration is required to match the
calculated downstream pressure with the experimental value.

Shape of the i/ref Distribution
Initially the solution of the interaction is obtained with ex-

ponent n in the ^ref model equal to 1. If a continuous varia-
tion of d6*/cbf between Regions I and II is not obtained, the
value of n is increased until the above condition is satisfied.
For the transonic interaction data of Ref. 3, the optimum
value of n was found to be equal to 3.

The calculations presented here were performed on the
Cyber 170-750 computer at the University of Washington.
For the second and third types of iteration discussed earlier,
the results of each iteration were saved to provide a better
estimate for the next iteration. As an example of the speed
of the program, the computing time varied from approx-
imately 5 CPUs to 8 CPUs (for different test cases) for a
particular value of n and a particular location of *>ref = 0. For
a particular value of n, 6 to 8 iterations were required to
determine the *>ref = 0 location that matches the calculated
pressure with the downstream experimental pressure.

V. Results and Discussion
The computed integral properties of the boundary layer

from the viscous-inviscid integral method are presented for
the test cases of Ref. 3 in conjunction with the results of
Navier-Stokes simulation from Ref. 3. In Ref. 3, a normal
shock wave generated in a constant-area circular duct in-
teracted with the turbulent boundary layer developing on the
wall of the duct. The freestream Mach number was varied
from 1.28 to 1.48, causing the flow to be unseparated, near
separation, and separated.

Figure 3 shows the wall pressure distribution for the in-
teraction at different Mach numbers and Reynolds numbers.
X is measured from the start of the interaction and is nor-
malized by the boundary-layer thickness at the start of the
interaction. The integral computations agree very well with

EXPERIMENT (REF. 3)
O

____ NAVIER-STOKES (REF. 3)

— — — PRESENT

'*—————4I SEPARATION LENGTH WITH
ALCOHOL (REF. 3) M R e /m(X lO )

the experimental wall pressure distribution throughout the
interaction, as do the Navier-Stokes predictions. Figure 4
shows the effect of different assumed shock wave locations
on the wall pressure distribution for the freestream Mach
number of 1.48. The overall pressure distribution is not
altered significantly, implying that the solution is rather in-
sensitive to small changes in the assumed shock wave
location.

The skin-friction distributions calculated with the integral
method agree well with the experimental skin friction except
in the neighborhood of the shock wave (Fig. 5). The
calculated skin-friction levels are higher than the experimen-
tal values just upstream of the shock wave. For M^ = 1.48,
the calculated separation length is much smaller than that
observed in the experiment. The equilibrium locus used in
the lag equation is simply an algebraic extension of the locus
for attached turbulent flows and thus may have its limitation
for turbulent separated flows.14 The skin-friction relation of
Green7 may also have its limitation for flows subjected to
such abrupt adverse pressure gradients. For comparison, the
results obtained for M00 = 1.48 using Swafford's17 skin-
friction relation are shown in Ref. 15. The difference in skin
friction using the two different skin-friction relations is
small.

Displacement and momentum thicknesses computed from
the integral method are shown in Figs. 6 and 7, respectively.
The agreement with experimental data is very good at the
lower freestream Mach numbers where the flow is
unseparated. As the freestream Mach number increases and
the flow becomes increasingly separated, the comparisons
are not quite as good as for the unseparated interactions,
although 6* and 6 distributions, obtained with such a simple
integral analysis are comparable to the results obtained with
the Navier-Stokes simulation.
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Fig. 6 Displacement thickness distribution.
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Fig. 5 Skin-friction distribution.
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Fig. 7 Momentum thickness distribution.
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When the ratio of the upstream boundary-layer thickness
to the duct radius becomes moderately large, multiple shock
wave/boundary-layer interactions may occur in the duct.21

Thus, the upper limit on the value of du/R, for which the
present analysis is applicable, is dictated by the formation of
the multiple shock interactions. The analysis will also not ap-
ply to flows with strong streamline curvature where quasi-
one-dimensional assumption may not be adequate (e.g.,
curved ducts).

VI. Concluding Remarks
An approximate integral viscous-inviscid interaction

method may be used to calculate the development of a tur-
bulent boundary layer subjected to a normal shock wave in
an internal flow. An analytical model is postulated for the
coupling of the inviscid flow with Green's integral lag-entrain-
ment boundary-layer method. With this direct cou-
pling, the equations are integrated simultaneously. Com-
parisons of the calculated results with experimental data show
good agreement for unseparated interactions and reasonable
agreement with the trend of the viscous effects when the in-
teraction becomes increasingly separated.
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